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We discuss the tunneling spectroscopy at a surface in multi-band systems such as Fe-based su-
perconductors with the use of the quasiclassical approach. We extend the single-band method by
Matsumoto and Shiba [J. Phys. Soc. Jpn. 64, 1703 (1995)] into n-band systems (n ≥ 2). We show
that the appearance condition of the zero-bias conductance peak does not depend on details of the
pair-potential anisotropy, but it depends on details of the normal state properties in the case of
fully-gapped superconductors. The surface density of states in a two-band superconductor is pre-
sented as a simplest application. The quasiclassical approach enables us to calculate readily the
surface-angular dependence of the tunneling spectroscopy.
PACS numbers: 74.20.Rp, 74.25.Op, 74.25.Bt
I. INTRODUCTION
Much attention has been focused on novel Fe-based su-
perconductors since the recent discovery of superconduc-
tivity at the high temperature 26K in LaFeAsO1−xFx.1
Many theoretical and experimental studies on Fe-based
superconductors have been reported for the last year. It
is important to identify the superconducting order pa-
rameter to elucidate the mechanism of superconductivity
in those high-Tc materials.
A ±s-wave pairing symmetry has been theoretically
proposed as one of the candidates for the pairing symme-
try in Fe-pnictide superconductors.2,3,4,5,6,7,8,9,10,11 The
±s-wave symmetry means that the symmetry of pair po-
tentials on each Fermi surface is s-wave and the relative
phase between them is π. Recently, we showed that a
fully-gapped anisotropic ±s-wave superconductivity con-
sistently explained experimental observations such as nu-
clear magnetic relaxation rate and superfluid density.12
A key point to identify the ±s-wave symmetry is a
detection of the sign change in the order parameters be-
tween Fermi surfaces. It is difficult to detect the rel-
ative phase of the order parameters in a bulk mate-
rial. However, as shown in studies of high-Tc cuprates,
Andreev bound states are formed at a surface or a
junction when the quasiparticles feel different signs of
the order parameter before and after scattering.13,14,15
Since one can extract the information on the relative
phase through Andreev bound states, several theoreti-
cal studies on junctions and surfaces have been reported
recently.16,17,18,19,20,21,22,23,24 Andreev bound states at
zero energy have been experimentally observed as a zero
bias conductance peak (ZBCP) in tunneling spectroscopy
for Fe-based superconductors.25
The Fe-based superconductors are interesting also as
novel unconventional multi-band superconductors since
multi-band effects are essentially important there.3 Fermi
surfaces in these systems predominantly consist of the
d orbitals of Fe atom. Kuroki et al.3 suggest that five
orbitals are necessary to describe the properties of the
superconductivity, and they elaborate an effective 5-band
model. On the other hand, MgB2 is a 2-band system that
is a conventional s-wave BCS-like superconductor.
The aim of this paper is to develop a method for ana-
lyzing surface bound states in multi-band superconduc-
tors. Matsumoto and Shiba26 developed a method to
analyze surface bound states in single-band systems such
as high-Tc cuprates. We extend their method into multi-
band systems. Since the ratio of the superconducting
gap ∆ to the Fermi energy EF is small, ∆/EF ≪ 1,
in Fe-based superconductors, we can adopt a quasiclas-
sical approach. In this approach, all we need is only to
consider quasiparticles at the Fermi level. Thus, we can
reduce computational machine-time and the physical pic-
ture becomes clear. In addition, this approach enables us
to easily calculate the surface-angular dependence of tun-
neling spectroscopy. We find a general appearance con-
dition of the ZBCP for multi-band systems. This general
condition can be applied to various pairing symmetries
including ±s-wave and d-wave. With our method, we will
discuss a two-band superconductor as a simple example.
This paper is organized as follows. The formulation of
our quasiclassical approach is shown in Sec. II. We ap-
ply a quasiclassical approximation to eliminate fast spa-
tial oscillations with Fermi wave length. The appearance
condition of the ZBCP in multi-band systems is derived
in Sec. III. The results for a two-band model are shown
as a simple example of our approach in Sec. IV, where
we will show both analytical and numerical results. The
discussions and conclusion are given in Secs. V and VI,
respectively. In the appendix, we describe the derivation
of the appearance condition of the ZBCP when a system
can be treated without quasiclassical approximation.
2FIG. 1: Schematic figure of a specular surface.
II. FORMULATION
A. Orbital representation and Band representation
Let us consider the local density of states near a sur-
face following a procedure by Matsumoto and Shiba.26
We assume a two-dimensional superconductor, and con-
sider a specular surface, for which the component of the
quasiparticle momentum along the surface is conserved
as shown in Fig. 1. We treat the surface as a potential
U(r)τˇ3, where the time-reversal symmetry is conserved.
26
Here, τˇi (i = 1, 2, 3) denote Pauli matrices in Nambu
space and r is the position in the real space. We con-
sider a n-orbital system, which is a periodic crystal with
n atomic orbitals in unit cell. Throughout the paper, hat
aˆ denotes a n× n matrix in the orbital space, and check
aˇ denotes a 2n×2n matrix composed of the 2×2 Nambu
space and the n×n orbital space. We calculate the Green
function under the influence of U(r)τˇ3. It is written as
Gˇ(r, r′) = Gˇ0(r, r′) +
∫
dr′′Gˇ0(r, r′′)U(r′′)τˇ3Gˇ(r′′, r).
(1)
Here, Gˇ0 is an unperturbed Green function in the absence
of U . We take the x(y)-axis perpendicular (parallel) to
the surface as shown in Fig. 1. Considering the surface
situated at x = 0 and the scattering potential U written
as U(r) = U0δ(x), Eq. (1) is reduced to
Gˇ(x, ky, x
′, k′y) = 2πδ(ky − k′y)Gˇ(x, x′, ky), (2)
where
Gˇ(x, x′, ky) = Gˇ0(x, x′, ky) + Gˇ0(x, 0, ky)U0τˇ3
×(1− Gˇ0(0, 0, ky)U0τˇ3)−1Gˇ0(0, x′, ky).
(3)
Here, we have taken the Fourier transformation with re-
spect to y. We use units in which ~ = 1, and the coor-
dinates r and the momentum k are dimensionless. The
surface is actually represented in the limit U0 →∞. The
Green function is then given by
Gˇ(x, x′, ky) = Gˇ0(x, x′, ky) + GˇP (x, x′, ky), (4)
where
GˇP (x, x
′, ky) ≡ −Gˇ0(x, 0, ky)Gˇ0(0, 0, ky)−1Gˇ0(0, x′, ky).
(5)
The local density of states at the position x for the mo-
mentum ky is written as
N(x, ky) = − 1
π
Im [Tr GˆR(x, x, ky)], (6)
where
GˆR(x, x, ky) = Gˆ(x, x, ky)|iωm→E+iη. (7)
Here ωm is the fermion Matsubara frequency and η is a
positive infinitesimal quantity. The unperturbed Green
function GˇR0 (x, x
′, ky) is given by
GˇR0 (x, x
′, ky) =
1
2π
∫
dkxe
ikx(x−x′)GˇR0 (kx, ky), (8)
where
GˇR0 (kx, ky) = (E − HˇoN(kx, ky))−1. (9)
Here, HˇoN(kx, ky) is the 2n × 2n Hamiltonian in Nambu
and orbital spaces written as
HˇoN ≡
(
Hˆo ∆ˆo
∆ˆo† −Hˆo
)
, (10)
in the “orbital representation” where the base functions
are atomic orbitals in crystal unit cell. From now on,
the subscript “o” indicates that matrices are represented
with the orbital basis. Hˆo is the Hamiltonian in the
normal state represented as n × n matrix in the orbital
space. Remember that n is the number of the orbitals.
∆ˆo is the superconducting order parameter.
Let us introduce a n × n Hamiltonian in the “band
representation” defined by
Hˆb(kx, ky) ≡ Pˆ−1(kx, ky)Hˆo(kx, ky)Pˆ (kx, ky), (11)
=


λ1 0 0
0
. . . 0
0 0 λn

 . (12)
Here, λi (i = 1, 2, · · · , n) denote the eigenvalues where
the relation λi > λj (i < j) is satisfied. Pˆ is a unitary
matrix consist of the eigenvectors that diagonalizes the
Hamiltonian Hˆo. The 2n × 2n Hamiltonian in Nambu
and orbital spaces in the “band representation” is also
defined by
HˇbN(kx, ky) ≡ Uˇ−1(kx, ky)HˇoN(kx, ky)Uˇ(kx, ky), (13)
=
(
Hˆb ∆ˆb
∆ˆb† −Hˆb
)
, (14)
where
Uˇ(kx, ky) ≡
(
Pˆ (kx, ky) 0
0 Pˆ (kx, ky)
)
, (15)
∆ˆb ≡ Pˆ−1∆ˆoPˆ . (16)
3In general, ∆ˆb contains off-diagonal elements, which cor-
respond to inter-band pairings. Assuming that intra-
band pairings are dominant, we neglect the off-diagonal
(inter-band) elements in ∆ˆb:
∆ˆb ≈


∆1 0 0
0
. . . 0
0 0 ∆n

 . (17)
That is, we consider that only single pair-potential is
defined on each Fermi surface. Here, ∆i is the pair-
potential on the i-th band. Substituting Eq. (13) into
Eq. (9), the Green function GˇR0 (kx, ky) is written as
GˇR0 (kx, ky) = Uˇ(E − Hˇb)−1Uˇ−1. (18)
Assuming Eq. (17) and taking the inverse matrix of E −
Hˇb, one can obtain
GˇR0 (kx, ky) = Uˇ
(
Aˆ+ Bˆ
Bˆ† Aˆ−
)
Uˇ−1, (19)
where
Aˆ± =


E±λ1
−|∆1|2+E2−λ21 0 0
0
. . . 0
0 0 E±λn−|∆n|2+E2−λ2n

 , (20)
Bˆ =


∆1
−|∆1|2+E2−λ21 0 0
0
. . . 0
0 0 ∆n−|∆n|2+E2−λ2n

 . (21)
We find that Eq. (19) can be rewritten as
GˇR0 (kx, ky) =
∑
i
Gˇi(kx, ky), (22)
where i is the band index and
Gˇi ≡ 1−|∆i|2 + E2 − λ2i
(
(E + λi)Mˆi ∆iMˆi
∆∗i Mˆi (E − λi)Mˆi
)
,
(23)
[Mˆi]jk = [Pˆ ]ji[Pˆ ]
∗
ki. (24)
Equation (22) is divided into a sum of the Green func-
tions defined on each band. Substituting Eq. (22) into
Eq. (8), GˇR0 (x, x
′, ky) is expressed as
GˇR0 (x, x
′, ky) =
∑
i
1
2π
∫
dkxe
ikx(x−x′)Gˇi(kx, ky). (25)
Hence, the kx-integration is found to be performed on
each band independently.
B. Quasiclassical Approach
We assume |∆i| ≪ EF . This relation is satisfied in
most of systems such as conventional superconductors
FIG. 2: Schematic figures of band dispersions along a kx line
with a fixed ky .
and Fe-based ones. In this case, one can use a quasiclas-
sical approach.
We consider a line with a fixed ky in the momentum
space. On this line, we classify n-bands into two groups.
One group is composed of the bands on which the eigen
energy λi(kx, ky) crosses the Fermi level (for example, the
bands i = 1 and 2 in Fig. 2). The other group is com-
posed of the bands on which the eigen energy does not
cross the Fermi level (the band i = 3). For the former
group, we can analytically integrate Gˇi(kx, ky) over kx
with the use of a quasiclassical approach since Gˇi(kx, ky)
is a function localized near the Fermi level. For the latter
group, we need to integrate Gˇi(kx, ky) over kx numeri-
cally since Gˇi(kx, ky) is not a localized function. How-
ever, the integrand is a smooth function, so that it is easy
to perform such a numerical integration.
We integrate Gˇi(kx, ky) on the bands of the first group
with the use of the quasiclassical approach. To perform
the kx-integration, we divide the kx-line with a fixed ky
into some segments as shown in Fig. 2. Each segment
has only single channel that is the point satisfying the
relation λi = EF . From now on, l denotes the channel
index and k denotes the maximum number of l. The
integration for the i-th band is written as∫
dkx ∼
k∑
l=1
∫ ∞
−∞
dλi
vi(λi)
. (26)
Expanding kx(λi) in the first order of λi around λi =
EF as kx(λi) = kFx + λi/vFx, one can carry out the
integration by the residue theorem:
1
2π
∫
dkxe
ikx(x−x′)Gˇi(kx, ky) = −i
k∑
l=1
GˇFi,l(k
i,l
Fx), (27)
where
GˇFi,l(k
i,l
Fx) ≡
eik
i,l
Fx(x−x′)e
i|x−x′|
√
E2−|∆i|
2
|v
i,l
Fx
|
2|vi,lFx|
√
E2 − |∆i|2
Fˇ (ki,lFx), (28)
Fˇ (ki,lFx) ≡
(
f+(k
i,l
Fx)Mˆi(k
i,l
Fx) ∆i(k
l
Fx)Mˆi(k
i,l
Fx)
∆i(k
i,l
Fx)Mˆi(k
i.l
Fx) f−(k
i,l
Fx)Mˆi(k
i,l
Fx)
)
,
(29)
f±(k
i,l
Fx) ≡ E ± sgn (x− x′)sgn (vi,lFx)
√
E2 − |∆i|2,
(30)
4Here, klFx and v
l
Fx are the Fermi wave number and the
Fermi velocity on the l-th channel, respectively. Using
the above, Eq. (25) can be written as
GˇR0 (x, x
′, ky) = −i
∑
i∈Q
k∑
l=1
GˇFi,l(x, x
′, ki,lFx)
+
∑
i/∈Q
1
2π
∫
dkxe
ikx(x−x′)Gˇi(kx, ky),
(31)
where the elements in Q are the indices of the bands
whose energy dispersions cross the Fermi level for a fixed
ky. Here, we assume ∆i/∈Q = 0, namely the super-
conducting order parameters are finite only around the
Fermi level. It should be noted that the second term
in the right-hand side of Eq. (31) cannot be neglected
since GˇR0 (0, 0, ky)
−1 without this second term may have
artificial divergences.
C. Eliminating the fast oscillations with Fermi
wave length
We assume the condition kF ξ ≫ 1 (i.e., |∆i| ≪ EF ),
which is the quasiclassical condition. Here, ξ is the coher-
ence length of a superconductor. Under this condition,
the short range spatial oscillations characterized by the
Fermi wave length 1/kF can be eliminated. We rewrite
Eq. (31) as
GˇR0 (x, x
′, ky) =
∑
i
∫
dkxKˇi(kx, ky)e
ikx(x−x′), (32)
where
Kˇi∈Q(kx, ky) ≡ −i
k∑
l
GFi,l(x, x
′, kx)δ(kx − ki,lFx), (33)
Kˇi/∈Q(kx, ky) ≡
1
2π
Gˇi(kx, ky). (34)
The perturbed Green function GˇP (x, x
′, ky) defined in
Eq. (5) can be written as
GˇRP (x, x
′, ky) = −
∑
i,i′′
∫
dkxdk
′′
xe
i(kxx−k′′xx′)Kˇi(kx, ky)
×GˇR0 (0, 0, ky)−1Kˇi′′(k′′x , ky). (35)
Setting exp[i(kxx − k′′xx′)] → 1, we eliminate the short
range oscillation while keeping the enveloping profile of
the integrand. Thus, the above equation is reduced to
GˇRP (x, x
′, ky) = −
∑
i
∫
dkxKˇi(kx, ky)Gˇ
R
0 (0, 0, ky)
−1
×
∑
i′′
∫
dk′′xKˇi′′(k
′′
x , ky). (36)
From this equation, it is concluded that the Andreev
bound states appear when GˇR0 (0, 0, ky)
−1 diverges, i.e.,
when det GˇR0 (0, 0, ky) = 0.
III. APPEARANCE CONDITION OF THE
ZERO BIAS CONDUCTANCE PEAK (ZBCP)
Let us consider the appearance condition of the ZBCP
in n-band system at a surface. At the zero energy E = 0,
GˇFi,l(x = 0, x
′ = 0, kl,iFx) defined in Eq. (28) [for i ∈ Q] is
written as
GˇFi,l(k
i,l
Fx) =
sgn (∆i)
2|vi,lFx|
(
0 Mˆi(k
i,l
Fx)
Mˆi(k
i.l
Fx) 0
)
. (37)
For i /∈ Q, we have from Eq. (23) with E = 0,
Gˇi =
1
−λ2i
(
λiMˆi 0
0 −λiMˆi
)
, (38)
where we have set ∆i = 0 because the superconducting
order parameter is assumed to be finite only near the
Fermi level and the bands with the indices i /∈ Q do not
cross it. Substituting the above equations into Eq. (31),
we can obtain the appearance condition of the ZBCP
from det GˇR0 (0, 0, ky) = 0:
det
( −Iˆ Lˆ
Lˆ Iˆ
)
= 0, (39)
where
Lˆ ≡ −i
∑
i∈Q
∑
l
sgn (∆i(k
i,l
Fx))
2|vi,lFx|
Mˆi(k
i,l
Fx), (40)
Iˆ ≡
∑
i/∈Q
1
2π
∫
dkx
λi(kx)
Mˆi(kx). (41)
Equation (40) shows that the appearance condition does
not depend on the anisotropy of the pair-potentials and it
depends only on the signs of them because information on
the pair potentials is included in the form, sgn(∆i(k
i,l
Fx)),
in Eq. (40). This result shows that information on the
normal state (i.e., the matrices Mˆi, v
i,l
Fx) is important for
the ZBCP to appear.
IV. TWO-BAND MODEL AS A SIMPLE
EXAMPLE
A. Model
We calculate the density of states in a two-band super-
conductor as a simple example. We consider a two-band
tight-binding model on a square lattice. There are two
orbitals on each lattice site. The Hamiltonian with a 2×2
matrix form in the normal state is described as
Hˆo =
( −t cos(ka)− µ 2t′ sin(ka) sin(kb)
2t′ sin(ka) sin(kb) −t cos(kb)− µ
)
, (42)
in the orbital representation (n = 2). Here, ka and kb are
the axes fixed to the crystal axes in the momentum space,
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FIG. 3: (Color online) Fermi surfaces in the two-band model.
(a) the half filling (µ = 0) and t′ = 0.1t. (b) µ = 0.2t and
t′ = 0.2t.
t and t′ are intra- and inter-orbital hopping amplitudes,
respectively, and µ denotes the chemical potential. We
use the unit in which the lattice constant a = 1. This
Hamiltonian can be diagonalized into the matrix in the
band representation, Hˆb, written as
Hˆb = Pˆ−1HˆoPˆ =
(
λA 0
0 λB
)
. (43)
Here, λA(B) denotes the energy dispersion on the A(B)-
band. As shown in Fig. 3, the Fermi surfaces consist of
two parts near the half filling.
We consider the two-band s-wave superconductor de-
scribed by the pair potential in the band representation:
∆ˆb =
(
∆A 0
0 ∆B
)
. (44)
Here, ∆A(B) is the pair potential on the A(B)-band.
We introduce the coordinates (ka,kb) fixed to the crys-
tal axes: (
ka
kb
)
=
(
cos θ − sin θ
sin θ cos θ
)(
kx
ky
)
. (45)
Here, the kx(ky) axis is the axis parallel (perpendicular)
to the surface and θ is the angle between the ka and kx
axes. Considering [110] surface, we fix θ = π/4. The
quasiparticle momentum ky is conserved since we con-
sider the specular surface.
It should be noted that one needs to treat the Bril-
louin zone in the surface-coordinates (kx, ky) for each
surface angle since it is necessary to consider all possi-
ble scattering processes at the specular surface (namely,
all ky-momentum conserving processes). For example, it
naively seems in Fig. 3(a) that possible scattering pro-
cesses occur only on the inner Fermi surface (red) for
the [110] surface (θ = π/4) in the region π
√
2/4 <
ky < π
√
2/2 [the ky axis is directed in the direction
of (ka, kb) = (−1, 1) in Fig. 3(a)]. However, for [110]
surface, one has to consider also the outside of the first
Brillouin zone as shown in Fig. 4 so that scattering pro-
cess between outer Fermi surface (green) and inner Fermi
surface (red) can occur.
FIG. 4: (Color online) Fermi surfaces (µ = 0 and t′ = 0.1t)
and kx line with fixed ky .
At the half filling for [110] surface, the second term in
Eq. (31) does not exist since the energy dispersions of the
A and B bands always cross the Fermi level on kx line
with any fixed ky in the momentum space as shown in
Fig. 4. In this case, Iˆ defined in Eq. (41) is zero because
there is no band with the index i /∈ Q. Therefore, the
appearance condition of the ZBCP in Eq. (39) can be
rewritten as
det Lˆ = 0. (46)
where Lˆ is defined in Eq. (40).
B. Analytical Results
1. At the half filling for [110] surface
We will analytically show that the ZBCP always ap-
pears for any strength of the inter-orbital hopping t′ in
the case of [110] surface (θ = π/4) at the half filling.
On the lines which satisfy ka = (kx − ky)/
√
2 = nπ or
kb = (kx + ky)/
√
2 = nπ in the momentum space, one
can easily obtain the unitary matrix Pˆ that diagonalizes
Hˆo:
Pˆ (ky) =


(
1 0
0 1
)
, kx − ky = neπ, or kx + ky = noπ,
(
0 1
1 0
)
, kx − ky = noπ, or kx + ky = neπ,
(47)
Here, ne(o) is an even (odd) integer. Substituting these
Pˆ (ky) into Eq. (40), we obtain Lˆ:
Lˆ ∝ sgn (∆A) + sgn (∆B)|vFx|
(
1 0
0 1
)
. (48)
The appearance condition of the ZBCP [Eq. (46)] is writ-
ten as
sgn (∆A) + sgn (∆B) = 0, (49)
6on the lines where ka = (kx − ky)/
√
2 = nπ or kb =
(kx + ky)/
√
2 = nπ. This condition is always satis-
fied in the sign-reversing s-wave (±s-wave) supercon-
ductors in this model. The ±s-wave symmetry means
that the symmetry of pair potentials on each Fermi sur-
face is s-wave and the relative phase between them is
π.2,3,4,5,6,7,8,9,10,11,12 Therefore, the ZBCP appears at the
points on the Fermi surfaces where the relation ka = 0
or kb = 0 is satisfied in the momentum space.
2. Case of t′/t = 0 for [110] surface
In the case of t′/t = 0, we can analytically show that
the ZBCP always occurs for [110] surface. In this case,
the unitary matrix Pˆ can be written as
Pˆ (ky) =


(
1 0
0 1
)
, kxky > 0,
(
0 1
1 0
)
, kxky < 0.
(50)
As in the case of Eq. (47), these unitary matrices lead to
the same appearance condition of the ZBCP as Eq. (49).
3. Case of t′/t = 0 at the half filling for [110] surface
Finally, we discuss the difference between the appear-
ance conditions with and without the quasiclassical ap-
proach. As shown in Appendix, the appearance condition
obtained without the quasiclassical approach for t′ = 0
at the half filling is written as
∆ab = 0, (51)
I1 = 0 or I2 = 0, (52)
where
I1,2 =
ln
(
(sin(±ky/
√
2)+
√
1+|∆A/t|2)2
(sin(±ky/
√
2)−
√
1+|∆A/t|2)2
)
2
√
1 + |∆A/t|2
−
ln
(
(sin(±ky/
√
2)+
√
1+|∆B/t|2)2
(sin(±ky/
√
2)−
√
1+|∆B/t|2)2
)
2
√
1 + |∆B/t|2
, (53)
∆ab = −π
(
sgn (∆B/t)√
1 + |∆A/t|2
+
sgn (∆B/t)√
1 + |∆B/t|2
)
.(54)
Here, we assume that the pair-potentials ∆A and ∆B
do not depend on k for simplicity. The above equations
suggest that the appearance condition of the ZBCP de-
pends on the details of the amplitudes |∆A| and |∆B|
in contrast to the quasiclassical result [Eq. (49)]. In the
limit of |∆A,B/t| ≪ 1, on the other hand, Eqs. (53) and
(54) are reduced to Eq. (49) obtained by the quasiclas-
sical approximation. Thus, the quasiclassical and non-
quasiclassical results coincide in this limit. Therefore, it
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FIG. 5: (Color online) The density of states at the surface
for various surface angles. The pair potentials are ∆A = ∆ =
0.001t and ∆B = −∆A. (a) the half filling (µ = 0) and (b)
µ = 0.2t. The inter-orbital hopping amplitude is t′ = 0.1t.
The smearing factor is η = 0.1∆.
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FIG. 6: (Color online) The density of states at the surface
for various surface angles. The pair potentials are ∆A = ∆ =
0.001t and ∆B = −0.5∆A. (a) the half filling (µ = 0) and (b)
µ = 0.2t. The inter-orbital hopping amplitude is t′ = 0.1t.
The smearing factor is η = 0.1∆.
is suggested that our quasiclassical approach is appropri-
ate when |∆A,B|/t≪ 1.
C. Numerical Results
The density of states at the surface is calculated from
Eq. (6) as
N(E) =
1
2π
∫
dkyN(x = 0, ky). (55)
We consider the ±s-wave
superconductor2,3,4,5,6,7,8,9,10,11,12 and the same two-
band model as discussed in this section.
1. Dependence of the surface-angle θ
We show the energy dependence of the density of states
for various surface-angle θ in Figs. 5 and 6. The peak po-
sitions of the Andreev bound states depend on the surface
angle θ. By comparing the results between Figs. 5 and
6, it is noticed that those positions do not depend on the
pair-potential amplitude.
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FIG. 7: (Color online) The density of states at [110] surface
for various inter-orbital hopping amplitude t′. The pair po-
tentials are ∆A = ∆ = 0.001t and ∆B = −∆A. (a) the
half filling (µ = 0) and (b) µ = 0.2t. The smearing factor is
η = 0.1∆.
2. Dependence of the inter-band hopping amplitude t′
We investigate the dependence on the inter-orbital
hopping amplitude t′. We consider [110] surface (θ =
π/4). As shown in Fig. 7(a), the ZBCP always exists at
the half filling (µ = 0) for any inter-band hopping ampli-
tudes t′. At µ = 0.2t as shown in Fig. 7(b), the ZBCP
only appears when without an inter-band hopping, i.e.,
t′ = 0. These ZBCPs appear when the appearance con-
dition in Eq. (49) is satisfied.
V. DISCUSSION
The advantages of our method are that one can eas-
ily investigate the surface-angle dependence of the den-
sity of states with the use of the quasiclassical method
and easily calculate the density of states in the n-band
(multi-band) system with less computational machine-
time. Therefore, we can take, for example, a realistic 5
band model in order to discuss the density of states for
iron-based superconductors. We will report its results
elsewhere near future.
We have assumed that the matrix of the pair poten-
tial in the band-representation does not have off-diagonal
elements, which correspond to the inter-band pairings.
When the inter-band pairing is dominant, the Cooper
pairs have center-of-mass momentum q 6= 0. Usually
such pairs are not energetically favorable since the pair
potentials have spacial dependence even in bulk systems.
Starting with the same Matsumoto-Shiba method,26
Onari et al.19 recently calculated the surface Andreev
bound states without the quasiclassical approximation.
Their results show that the peak positions of the Andreev
bound states depend on the gap amplitudes on two bands
in the same two-band model as considered in Sec. IV,
and the ZBCP does not always appear at the half-filling.
These results might seemingly be inconsistent with our
quasiclassical results. It is, however, not the case.
They obtained the perturbed Green function by di-
rectly integrating the original unperturbed Green func-
tion over kx and ky numerically. The original unper-
turbed Green function has sharp peaks on Fermi surfaces
in the momentum space and rapid Fermi-wave-length os-
cillations in the real space. We have integrated out those
properties by the quasiclassical approximation. It should
be noted that the pair potentials are of the order ∆ ∼ 0.1t
in Ref. 19. This parameter is out of our quasiclassical ap-
proach (∆/t≪ 1). As shown in Sec. IV.B.3, our analyti-
cal result, which depends on the details of the gap ampli-
tudes and therefore is consistent with Ref. 19, is reduced
to the quasiclassical result in the limit ∆/t ≪ 1. Thus,
the differences in the obtained results between Onari et
al.
19 and the present paper would be due to the difference
in applicable parameter regions.
The formulation derived in Secs. II and III can be ap-
plied to general multi-band superconductors including d-
wave pairing superconductor. The appearance condition
for the ZBCP is given as Eq. (39) in Sec. III. Let us
consider, for instance, the case of the two-band model
discussed in Sec. IV at the half filling for [110] surface.
From Eq. (39), the appearance condition for the ZBCP
is given as
sgn(∆A1)+sgn(∆A2)+sgn(∆B1)+sgn(∆B2) = 0. (56)
Here, ∆A1 and ∆A2 are the pair potentials on the inner
Fermi surface (red) in Fig. 4, and ∆B1 and ∆B2 are the
pair potentials on the outer Fermi surface (green) there.
For a two-band d-wave superconductor, ∆A1 = −∆A2
and ∆B1 = −∆B2, so that the above condition is sat-
isfied and the ZBCP appears. Furthermore, in the case
of a single-band d-wave superconductor, the appearance
condition for the ZBCP is obtained from Eq. (39) as
sgn (∆A1) + sgn (∆A2) = 0. (57)
This is consistent with previous results for d-wave pairing
in Refs. 13,14,15,26, where the ZBCP appears when the
quasiparticles feel a superconducting phase change π in
the surface scattering process A1↔A2 on a Fermi surface.
VI. CONCLUSION
In conclusion, we extended the single-band method
by Matsumoto and Shiba26 into general n-band case
(n ≥ 2). With the use of the quasiclassical approxima-
tion, we developed the way to integrate the unperturbed
Green function with respect to kx which is the momen-
tum component perpendicular to a surface. We showed
that the appearance condition of the ZBCP does not de-
pend on any anisotropy in the pair-potential amplitude,
but only on the relative phase, in the case of ∆≪ EF in
n-band systems. The properties of the normal state are
influential for the ZBCP to appear.
We also calculated the surface density of states in the
two-band system as a simple example of our approach.
We suggested that our quasiclassical approach is appro-
priate when |∆|/t ≪ 1. We showed that the peaks of
8the density of states due to the Andreev bound states
depend on the surface angle and the parameters in the
normal state (t,t′, µ), so that the sign-reversing s-wave
(±s-wave) superconductors exhibit complicate properties
in the tunneling spectroscopy compared with single-band
d-wave superconductors.
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APPENDIX: INTEGRATION WITHOUT
QUASICLASSICAL APPROXIMATION
We will show the ZBCP appearance condition
Eqs. (51) and (52) for zero inter-orbital hopping am-
plitude (t′ = 0), by integrating Eq. (25) in the simple
two-band model for [110] surface at the half filling.27
The Hamiltonian in the normal state is described as
Hˆo =
(
ǫ1(k˜x, k˜y) 0
0 ǫ2(k˜x, k˜y)
)
, (A.1)
with
ǫ1(k˜x, k˜y) = −t cos(k˜x − k˜y), (A.2)
ǫ2(k˜x, k˜y) = −t cos(k˜x + k˜y). (A.3)
Here, we have introduced k˜x = kx/
√
2 and k˜y = ky/
√
2.
Considering the pair potentials ∆A,B which do not de-
pend on k and using the unitary matrix Eq. (50), the
pair potential matrix in the orbital representation can
be written as
∆ˆo =
(
∆Aθ(k˜x) + ∆Bθ(−k˜x) 0
0 ∆Aθ(k˜x) + ∆Bθ(−k˜x)
)
,
≡
(
∆k˜x 0
0 ∆k˜x
)
. (A.4)
The unperturbed retarded Green function GˇR0 (E, kx, ky)
is written as
GˇR0 (E, k˜x, k˜y) = (E − HˇoN)−1 =
(
Aˆ+ Bˆ
Bˆ Aˆ−
)
,(A.5)
where
Aˆ± =
( E±ǫ1
−|∆k˜x |2+E2−ǫ21
0
0 E±ǫ2−|∆k˜x |2+E2−ǫ22
)
, (A.6)
Bˆ =

 ∆k˜x−|∆k˜x |2+E2−ǫ21 0
0
∆k˜x
−|∆k˜x |2+E2−ǫ22

 . (A.7)
To investigate the appearance condition of the ZBCP, we
set E = 0 (i.e., zero energy), x = 0 and x′ = 0 (i.e., at
the surface). Then, we calculate GˇR0 (E = 0, x = 0, x
′ =
0, ky):
GˇR0 (E = 0, x = x
′ = 0, k˜y) =
∫ π
−π
dk˜x
2
√
2π
GˇR0 (E = 0, k˜x, k˜y).
(A.8)
Each element in this matrix can be integrated analyti-
cally as
∫
dk˜x cos(k˜x ± k˜y)
|∆|2 + cos2(k˜x ± k˜y)
=
∫ −dx
|∆|2 + 1− x2 , (A.9)∫
dk˜x
|∆|2 + cos2(k˜x ± k˜y)
=
∫
dx 11+x2
|∆|2 + 11+x2
. (A.10)
Integrating GˇR0 (E = 0, k˜x, k˜y) by using the above formu-
lae, we finally obtain GˇR0 (E = 0, x = 0, x
′ = 0, ky):
GˇR0 (E = 0, x = 0, x
′ = 0, ky) ∝ 1
t


−I1 0 ∆ab 0
0 −I2 0 ∆ab
∆ab 0 I1 0
0 ∆ab 0 I2

 ,
(A.11)
where I1,2 and ∆ab are defined in Eqs. (53) and (54). Its
inverse matrix is written as
[GˇR0 ]
−1 ∝ t


−I1
(∆ab)2+I21
0 ∆ab
(∆ab)2+I21
0
0 −I2
(∆ab)2+I22
0 ∆ab
(∆ab)2+I22
∆ab
(∆ab)2+I22
0 I1
(∆ab)2+I21
0
0 ∆ab
(∆ab)2+I22
0 I2
(∆ab)2+I21

 .
(A.12)
The zero energy bound states appear when [GˇR0 ]
−1 di-
verges as noticed from Eqs. (4) and (5). Therefore, the
appearance condition of the ZBCP is expressed as
∆ab = 0, (A.13)
I1 = 0 or I2 = 0. (A.14)
1 Y. Kamihara, T. Watanabe, M. Hirano, and H. Hosono, J.
Am. Chem. Soc. 130, 3296 (2008).
2 I. I. Mazin, D. J. Singh, M. D. Johannes, and M. H. Du,
Phys. Rev. Lett. 101, 057003 (2008).
93 K. Kuroki, S. Onari, R. Arita, H. Usui, Y. Tanaka, H. Kon-
tani, and H. Aoki, Phys. Rev. Lett. 101, 087004 (2008).
4 M. M. Korshunov and I. Eremin, Phys. Rev. B 78,
140509(R) (2008).
5 K. Seo, B. A. Bernevig, and J. Hu, Phys. Rev. Lett. 101,
206404 (2008).
6 T. Nomura, J. Phys. Soc. Jpn. 77, Suppl. C 123 (2008).
7 Y. Bang and H.-Y. Choi, Phys. Rev. B 78, 134523 (2008).
8 M. M. Parish, J. Hu, and B. A. Bernevig, Phys. Rev. B
78, 144514 (2008).
9 R. Arita, S. Onari, H. Usui, K. Kuroki, Y. Tanaka, H.
Kontani, and H. Aoki, Proc. of the 25th international con-
ference on Low Temperature Physics (LT2146), to be pub-
lished in J. Phys.: Conf. Ser.
10 V. Stanev, J. Kang, and Z. Tesanovic, Phys. Rev. B 78,
184509 (2008).
11 Y. Senga and H. Kontani, J. Phys. Soc. Jpn. 77, 113710
(2008).
12 Y. Nagai, N. Hayashi, N. Nakai, H. Nakamura, M. Oku-
mura, and M. Machida, New J. Phys. 10, 103026 (2008).
13 C. R. Hu, Phys. Rev. Lett. 72, 1526 (1994).
14 Y. Tanaka and S. Kashiwaya, Phys. Rev. Lett. 74, 3451
(1995).
15 S. Kashiwaya and Y. Tanaka, Rep. Prog. Phys. 63, 1641
(2000).
16 H.-Y. Choi and Y. Bang, arXiv:0807.4604.
17 A.A. Golubov, A. Brinkman, O.V. Dolgov, I.I. Mazin, Y.
Tanaka, arXiv:0812.5057.
18 M. A. N. Arau´jo and P. D. Sacramento, arXiv:0901.0398.
19 S. Onari and Y. Tanaka, arXiv:0901.1166.
20 D. Wang, Y. Wan and Q.-H. Wang, arXiv:0901.1419.
21 J. Linder, I. B. Sperstad, and A. Sudbø, arXiv:0901.1895.
22 J. Linder and A. Sudbø, Phys. Rev. B 79, 020501(R)
(2009).
23 W.-F. Tsai, D.-X. Yao, B. A. Bernevig, and J.P. Hu,
arXiv:0812.0661.
24 P. Ghaemi, F. Wang, and A. Vishwanath, arXiv:0812.0015.
25 K. A. Yates, K. Morrison, J. A Rodgers, G. B. S.
Penny, J.-W. G Bos, J. P. Attfield, and L. F. Cohen,
arXiv:0812.0977; see Table I and references therein.
26 M. Matsumoto and H. Shiba, J. Phys. Soc. Jpn. 64, 1703
(1995).
27 We have confirmed that one can analytically integrate Eq.
(25) in this model for [110] surface also at non-half-filling
(µ 6= 0).
